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ABSTRACT

Afterglow observations are commonly used to determine the parameters of GRB explosions, the energy E,
surrounding density n, postshock magnetic field equipartition fraction �B, and electron equipartition fraction �e,
under the frequently made assumption that the efficiency of electron ‘‘injection’’ into relativistic shock acceleration
is high, i.e., that the fraction f of electrons that undergo acceleration is f � 1. We show that the value of f cannot
be determined by current observations, since currently testable model predictions for a parameter choice {E 0 ¼
E/f ; n0 ¼ n /f ; �0B ¼ f �B; �0e ¼ f �e} are independent of the value of f for me /mp� f �1. Current observations
imply that the efficiency f is similar for highly relativistic and subrelativistic shocks and plausibly suggest that
f � 1, quite unlike the situation in the Crab Nebula. However, valuesme /mp� fT1 cannot be ruled out, implying
a factor me /mp uncertainty in determination of model parameters. We show that early, �10 hr, radio afterglow ob-
servations, which will be far more accessible in the Swift era, may provide constraints on f. Such observations will
therefore provide a powerful diagnostic of GRB explosions and of the physics of particle acceleration in collision-
less shocks.

Subject headinggs: acceleration of particles — gamma rays: bursts — gamma rays: theory —
radiation mechanisms: nonthermal — shock waves

1. INTRODUCTION

Synchrotron emission by shock-accelerated particles is cen-
tral to our understanding of explosive, high-energy astrophysi-
cal phenomena, such as supernova remnants, jets from active
galactic nuclei (AGNs) and quasars, plerionic nebulae, and �-ray
burst (GRB) afterglows. GRB afterglows have provided an un-
precedented opportunity for diagnosing the blast wave and atten-
dant shock acceleration, because their brevity in the observer’s
time frame and ultrahigh Lorentz factors allow rapid evolution
of the synchrotron spectrum, which can be observed over a wide
span of wavelength regimes in real time.

The afterglow radiation of GRBs (e.g., Kulkarni et al. 2000)
can be naturally explained as due to synchrotron emission of elec-
trons accelerated in relativistic collisionless shocks driven by the
GRB explosion into the medium surrounding the GRB progeni-
tor (for reviews, see Piran 2000;Mészáros 2002;Waxman 2003).
The energy released in the explosion leads to the formation of a
diverging shock wave, which propagates into the ambient plasma.
At a sufficiently late time (at times much longer than the burst
duration) all the explosion energy is carried by the shocked am-
bient plasma (a vanishingly small fraction of the energy remains
in the ejecta produced by the explosion). The radiation is be-
lieved to be produced by electrons of the ambient medium, which
are accelerated to high energy as they pass through the diverging
shock.

The dynamics of a spherical shock wave is determined by
the explosion energy E and by the surrounding medium num-
ber density n. If the initial GRB outflow is jetlike, an additional
parameter, the jet opening angle �j , is required in order to spec-
ify the flow. For a given shock dynamics, the luminosity and

spectrum of emitted radiation are then determined by the frac-
tions �B and �e of shock thermal energy carried, respectively,
by magnetic field and electrons, and by the shape of the elec-
tron distribution function. The fraction of explosion energy E
converted to thermal energy in the shock is determined by the
hydrodynamics and is of order unity. The electron and magnetic
field energy densities are therefore proportional to �e E and �BE,
respectively. The electron distribution function is commonly
assumed to be a power law of index p � �d ln ne /d ln "e, where
"e is the electron energy, above some minimum energy "e0 (we
use " to denote single-particle energy and E to denote the total
flow energy).

The processes of magnetic field generation and electron in-
jection in collisionless shocks are not understood from basic
principles, and �B, �e, and "e0 cannot at present be determined
theoretically. Rather, they are treated as free parameters of the
model, constrained by observations. It is important to note here
that "e0 is, in general, an independent parameter of the model. It
is a function not only of �e but also of the fraction f of electrons
assumed to be accelerated to beyond "e0. It is commonly as-
sumed, however, that f ¼ 1, in which case "e0 is uniquely de-
termined by the other model parameters.

The observed afterglow synchrotron spectra constrain p, as is
well known, and the break in the power-law decay of afterglow
flux is widely believed (Rhoads 1999) to establish the open-
ing angle �j in terms of E/n. Under the assumption that all the
ambient electrons were injected to beyond "e0, i.e., f ¼ 1, the
remaining four parameters {�B, �e, n, E} are fixed by the four
observables, �m (the frequency of maximum intensity), Fm (the
intensity at �m), �cool (the synchrotron cooling break), and �a
(the self-absorption frequency).

The results that have been deduced for p, �B, and �e are con-
sistent with both current knowledge and current ignorance about
shock acceleration: in bursts where p can be determined accu-
rately (e.g., Waxman 1997a; Galama et al. 1998a; Frail et al.
2000; Stanek et al. 1999) p ¼ 2:2 � 0:1 is inferred. This value
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is consistent with the theoretical value of p derived for test-
particle acceleration in relativistic shocks via the first-order
Fermimechanism, assuming isotropic diffusion of particles inmo-
mentum space, p ¼ 2:22 � 0:02 obtained in numerical calcu-
lations (Bednarz &Ostrowski 1998; Kirk et al. 2000; Achterberg
et al. 2001), and p ¼ 20/9 obtained by a more recent analytic
analysis (Keshet & Waxman 2005). This value of p is not con-
sistent with test-particle results for large-angle scattering in rel-
ativistic shocks, which produce very hard spectra. It is, however,
consistent with the value expected in the 100MeV–10GeVrange
by nonlinear theory for cosmic-ray–mediated shock (Ellison &
Eichler 1985; Ellison & Double 2002). Despite the agreement
of the observed and theoretically derived values of p, assuming
isotropic diffusion, it should be kept in mind that questions re-
main about diffusive shock acceleration, particularly with regard
to relativistic generalization and electron injection, and that there
are alternative acceleration processes (e.g., Arons & Tavani 1994;
Nishikawa et al. 2005; Hededal et al. 2004).

It is natural to hope that the values of �B and �e are univer-
sal, since they are determined by the microphysics of the col-
lisionless shock. The constancy of p and of �e among different
bursts is strongly supported by observations. Universal values
of p and �e, p � 2 and �e � 0:1, typically inferred from most
optical afterglows, are also inferred from the clustering of ex-
plosion energies (Frail et al. 2001) and from X-ray afterglow
luminosity (Freedman & Waxman 2001; Berger et al. 2003).3

The value of �B is less well constrained by observations. How-
ever, in cases where �B can be reliably constrained by multi-
waveband spectra, values close to equipartition are inferred (e.g.,
Frail et al. 2000). Such high values for �B and �e are remarkable
and beg for an explanation. The magnetic field required for al-
lowing electron acceleration and emission of synchrotron radi-
ation may conceivably be produced in the collisionless shock
driven by the GRB explosion by Weibel instabilities or the like
(see, e.g., Blandford & Eichler 1987; Gruzinov &Waxman 1999;
Medvedev & Loeb 1999), or it may be that the accelerated par-
ticles mix with the magnetic field of the fireball itself.

No less surprising is the conclusion byWaxman (1997b) that
"e0 is close to �mpc

2 and that the low-frequency radio spectra
imply that there are relatively few electrons in the decade or two
just below "e0. Had the electrons been picked up by shock ac-
celeration at some energy much lower than �mpc

2, the power-
law spectrum imparted by the shock acceleration would have
extended down to much lower energies, and only a small mi-
nority of them would have made it to �mpc

2 or higher. In the
case of the Crab Nebula, for example, which contains perhaps
the best-studied relativistic shock wave, this is indeed the case:
most of the electrons in the nebula emit in the radio and prob-
ably have Lorentz factors of order 102, which is many orders
of magnitude lower than �mpc

2 and even about a factor of 102

below �mec
2. More is said about this below. While this paper

does not aim to explain this gaping difference between after-
glows and the Crab Nebula, it motivates us to check the as-
sumption that f ¼ 1 in the case of the former.

In any case, we are unable to determine from basic principles
the efficiency of electron ‘‘injection’’ to beyond some threshold
energy well beyond �mec

2. Even when the number of electrons
beyond some injection threshold "e0 is known, we are unable to

determine theoretically the fraction f of total electrons that these
high-energy electrons represent. It is conceivable that a large
fraction, 1� f � 1, of the electron population does not par-
ticipate in the acceleration process and remains well below "e0.
This is discussed in x 2. In x 3 we discuss observational sig-
natures of the existence of such noninjected thermal electrons in
GRB-induced blast waves. Our main results and their implica-
tions are summarized in x 4. We discuss both the implications to
GRB phenomenology and the implications for the theory of col-
lisionless shock acceleration, in particular in the context of con-
straints imposed by observations on astrophysical systems other
than GRBs.

2. MODEL PREDICTION DEGENERACY

To clarify the issues involved in the electron injection prob-
lem let us consider the situation illustrated in Figure 1, which
may arise for a relativistic shock propagating with Lorentz factor
�31 (or subrelativistic shock propagating with velocity vTc)
into a cold plasma of protons and electrons (as may be the case
for a shock driven by a GRB explosion into the interstellar me-
dium [ISM]). In the shock frame, a cold stream of protons and
electrons approaches the shock with Lorentz factor � (velocity v).
The particles are being scattered at the shock front, resulting in
a velocity distribution that is close to isotropic behind the shock,
thus converting a large fraction of the kinetic energy of the in-
coming flow to thermal energy. Isotropization of the electron and
proton incoming flow would lead to a postshock proton ‘‘tem-
perature’’ Tp � �mpc

2 (or Tp � mpv
2) and to a postshock elec-

tron ‘‘temperature’’ Te � �mec
2TTp (or Te � mev

2). In order
for the electrons to gain a significant fraction of the postshock
thermal energy, some process must couple them to the protons
and accelerate them to energy3Te . This process is yet unknown,
andwe cannot determine based on theoretical considerationswhat
fraction of the electrons are being accelerated. Thus, in addition

3 Apparently deviant values of p (Chevalier & Li 1999; Panaitescu&Kumar
2002) are inferred based on light curves, rather than spectra, and are sensitive to
model assumptions (e.g., they depend on the assumed radial dependence of the
ambient medium density).

Fig. 1.—Schematic representation of the postshock electron distribution, for
a relativistic shock of Lorentz factor � (or subrelativistic shock of velocity v).
Scattering of electrons streaming toward the shock with Lorentz factor � (or
velocity v) results in postshock ‘‘thermal’’ energy of ��mec

2 (or �mev
2). A

fraction f of the electrons is assumed to be injected into the acceleration process,
which significantly increases the average energy of these electrons, to�"e 0, and
produces a power-law distribution at "e > "e0. As we show here, afterglow
observations imply "e0 � �mpc

2 in the relativistic phase and "e0 � mpv
2 in the

subrelativistic phase but do not allow us to determine f. Afterglow observations
also require an electron number density that increases with energy sufficiently
fast, q � d ln ne /d ln "e > 0, over �1.5 decades of energy below "e 0 (Waxman
1997b).
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to �e, the acceleration process must be described by (at least) one
additional parameter, the fraction f of accelerated electrons. We
show here that afterglow observations imply "e0 � �mpc

2 in the
relativistic phase and "e0 � mpv

2 in the subrelativistic phase but
do not allow one to determine f.

As pointed out in Waxman (1997b), the energy distribution
of electrons below the characteristic acceleration energy, "e0, is
constrained by radio observations. The slope of the radio after-
glow spectrum observed in several cases (e.g., Fig. 1 of Galama
et al. 1998a), f� / �1=3, is consistent with that expected for ra-
diation emitted by electrons at "e0 at frequencies well below their
characteristic synchrotron frequency, which is somewhat below
optical at the observation time (typically of order days). In order
for the emission from lower-energy electrons, at "e < "e0, not to
modify this spectrum, q � d ln ne /d ln "e >�1/3 is required. A
somewhat more stringent constraint may be obtained from the
requirement that the self-absorption optical depth produced by
these electrons not be large enough to affect the observed self-
absorption frequency �a, q � d ln ne /d ln "e > 2/3 (provided of
course that �a is unambiguously established by electrons at "e0).
The uncertainty in the value of �a (and the values of other
characteristic frequencies) determined by observations relaxes
the latter constraint to q � d ln ne /d ln "ek 0 (Waxman 1997b).
These statements hold for about 1.5 decades of energy below "e0,
i.e., the energy range over which the electron distribution would
affect the radio emission that has been observed to date. Deter-
mining the electron spectrum below "e0 is of interest for both
GRB phenomenology and particle acceleration theory, suggest-
ing that more careful analysis of radio spectra is warranted for
obtaining better constraints on q. This is, however, beyond the
scope of the current paper, in which we focus on the injection
efficiency f.

In what followswe discuss the degeneracy of afterglowmodel
predictions, showing that the predictions obtained assuming f ¼
1 for some choice of model parameters {E, n, �B, �e} are the same
as those obtained for any value of f, me /mp � f �1, and {E 0 ¼
E/f ; n0 ¼ n/f ; �0B ¼ f �B; �0e ¼ f �e}. In x 2.1 we discuss the
hydrodynamics of the flow, and in x 2.2 we discuss emission of
radiation.

2.1. Hydrodynamics

The apparent physical size of the radiation-emitting region
has been determined in several cases. During the relativistic stage
of shock expansion, the size of the emitting region has been de-
termined directly through the observation of the suppression of
diffractive radio scintillation (Goodman 1997; Waxman et al.
1998) and through very long baseline radio interferometry (Taylor
et al. 2004). At the subrelativistic stage, the size was determined
indirectly through modeling the radio spectrum (Frail et al. 2000;
Berger et al. 2004). These observations were used to determine
the values of model parameters that determine the flow pattern, E
and n, under the assumption of high efficiency, f ¼ 1. Modifi-
cation, due to changes in the value of f, of the values of E and n
are therefore allowed, provided these changes do not modify the
flow pattern.

We demonstrate here that the velocity field v (r, t) associated
with the afterglow stage of the GRB explosion depends on the
explosion energy E and surrounding medium density n only
through the ratio E /n. If the surrounding medium density is not
uniform, then for a given functional dependence g (r) of the den-
sity on coordinates, n (r) ¼ n0g (r), where n0 is some normali-
zation, then the velocity field v (r, t) depends on E and n0 only
through the ratio E /n0.

It is straightforward to demonstrate the validity of the above
statements through examination of the hydrodynamic equations.
These can be written as

@�T
�� ¼ 0; @�(nu

�) ¼ 0; ð1Þ

where u� is the four-velocity tensor and T�� is the energy-
momentum tensor. For the GRB afterglow flows, it is appropri-
ate to assume an ideal fluid flow, i.e.,T�� ¼ ���pþ (u�u�/c2)( pþ
e), where p and e are the fluid pressure and (proper) energy den-
sity, respectively, and an ideal gas equation of state, e ¼ nmpc

2þ
(�̂ � 1)�1p, where �̂ is the adiabatic index (�̂ ¼ 4/3 and 5/3
for relativistic and nonrelativistic particles, respectively). It is
now evident that if {u�(r, t), n(r, t), p(r, t)} is a solution of the
flow equations, then multiplying the density and pressure by a
constant K and leaving the velocity field unchanged provides
another solution of the equations, u�(r; t); n0 ¼ Kn(r; t); p0 ¼f
Kp(r; t)g. Since the energy-momentum tensor of the new solu-
tion T 0�� is related to the energy-momentum tensor of the orig-
inal solution T�� by T 0�� ¼ KT��, the energy of the flow in the
modified solution is larger by a factor K compared to the energy
of the flow in the original solution.

The argument given in the previous paragraph proves the
statement that v(r, t) associated with the afterglow stage of
the GRB explosion depends on the explosion energy E and
surrounding medium density n(n0) only through the ratio E /n
(E /n0). Since this argument is, however, rather abstract, it may
be useful to examine in some detail how the afterglow flow is
affected at various stages as E and n are changed. This exam-
ination is also useful for the discussion in x 2.2. For simplicity,
we assume in the following discussion a uniform density of the
surrounding medium. (It is straightforward to generalize the dis-
cussion to a nonuniform density.)

Let us first consider the flow associated with a spherical,
relativistic blast wave. When the shock radius R is sufficiently
large, compared to the size of the region of initial energy de-
position, the flow becomes self-similar, with shock Lorentz fac-
tor determined by energy conservation,E / � 2nR3 implying � /
(E/n)1/2R�3/2 (Blandford & McKee 1976). The self-similar flow
is therefore completely determined by the ratio E /n.

The early afterglow, on minute timescale, is produced at
the onset of the interaction of relativistic GRB plasma with
the surrounding medium. At this stage, the highly relativistic
plasma ejected by the GRB engine with Lorentz factor �i , the
‘‘fireball,’’ drives a forward shock into the surrounding me-
dium, and a reverse shock is driven back into the fireball
and decelerates it. Once the reverse shock crosses the fireball
plasma shell, the flow approaches the self-similar behavior de-
scribed above. This transition stage takes place (e.g., Waxman
2003) at a radius that is the larger of (1) the radius at which
the self-similar Lorentz factor � / (E /n)1=2R�3=2 drops below
�i and (2) the radius at which the thickness of the shocked
plasma shell in the self-similar solution, R /� 2 / (n /E )R4, ex-
ceeds the thickness � of the plasma shell ejected by the GRB.
The transition radius depends, therefore, on E and n only through
the ratio E /n.

If the fireball is jetlike rather than spherical, then flow is well
described as a conical section of a spherical fireball as long as
the jet opening angle is �j > 1/�. In this case, E should be un-
derstood as the ‘‘isotropic equivalent energy,’’ the energy that
would have been carried by the blast wave had it been spheri-
cally symmetric. When the fireball decelerates to � < 1/�j, the
jet is frequently assumed to expand sideways (Rhoads 1999).
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The condition � � 1/�j implies that the radius R j at which side-
ways expansion begins is given by (n /E )R3

j / �2
j . Therefore, Rj

depends on E and n only through the ratio E /n.
During the stage of sideways expansion, the jet does not

significantly propagate radially. Finally, after the stage of side-
ways expansion, the flow becomes subrelativistic (Frail et al.
2000; Livio &Waxman 2000) and, if it becomes a spherical blast
wave, the renewed expansion is described by the Sedov–
vonNeumann–Taylor solutions. At this stage the time dependence
of the shock radius is R / (E�2

j /n)
1=5t 2

=5 (see, e.g., Zel’dovich
& Raizer 2002, chap. 12). Here t is the time, and the true energy
of the explosion, corrected for the jetlike geometry, is ET ¼
E�2

j /2. Thus, at this stage as well the flow depends on E and
n only through the ratio E/n.

2.2. Radiation

Afterglow observations at all stages offlow evolution from the
non–self-similar onset of fireball interaction with surrounding
gas through the self-similar expansion phase and subsequent
jet expansion phase (if present), and including the final sub-
relativistic phase, are consistent with synchrotron emission of
radiation from electrons accelerated to a distribution of the type
shown in Figure 1 with high efficiency, f � 1. Under the as-
sumption f ¼ 1, the values of model parameters {E, n0 , �B,
and �e} (as well as �j and p) are determined. Let us now consider
what modifications are introduced by allowing f T1.We argue
that the emission of radiation from shock-accelerated electrons
from a flow with parameter choice {E 0 ¼ E/f ; n00 ¼ n0 /f ; �0B ¼
f �B; �0e ¼ f �e; f < 1} (and �0j ¼ �j, p

0 ¼ p) is similar to that ob-
tained for the parameter choice {E, n0, �B, �e} and f ¼ 1, for any
f in the range me /mp � f �1.

Let us first consider the velocity fields of the two flows. The
flow pattern v(r, t) in the modified f < 1 flow is similar to that
of the f ¼ 1 flow, since the energy and density have both been
increased by the same factor 1/f , leaving the ratio E/n un-
changed (and since �0j ¼ �j). Next, we note that the magnetic
field distributions in the two flows are similar. As explained in
x 2.1, the energy density in the modified flow is larger than that
in the original flow by a factor 1/f , e0(r; t) ¼ e(r; t) /f . Decreas-
ing the magnetic field equipartition fraction by a factor f , �0B ¼
f �B, ensures that the magnetic field energy density is similar in
both flows.

Finally, we argue that the density and energy distribution
of accelerated electrons is the same in both flows. The number
density of accelerated electrons is identical in the two flows: the
number density of electrons is larger in the modified flow by a
factor 1/f compared to that in the original flow, n00 ¼ n0 /f , but
only a fraction f of the electrons in the modified flow are ac-
celerated. The total energy density in electrons is also the same
in both flows, since �0ee

0(r; t) ¼ �ee(r; t). The fact that the elec-
tron energy density and accelerated electron density are similar
in the two flows does not ensure that the energy distributions
of accelerated electrons are similar, since in the modified flow
some part of the electron energy density is carried by the non–
shock-accelerated electrons. This part is small, however, and
therefore the energy distributions of the accelerated electrons
are similar in both flows, as long as me /mp< f .

To see this, we note that during the relativistic phase of ex-
pansion, the characteristic Lorentz factor �e0 of accelerated elec-
trons, "e0 ¼ �e0mec

2, is approximately determined by the relation
(1� f )�mec

2þ f �e0mec2 ¼ �0e�mpc
2 ¼ f �e�mpc

2. Since after-
glow observations imply �e � 1 for f ¼ 1, as long asme/mp < f we
have �e0 � �e�mp /me independent of f. During the subrelativ-

istic regime, �e0 is determined by the relation (1� f )mev
2/2 þ

f �e0mec
2 ¼ �0empv

2/2 ¼ f �empv
2/2. Here too, �e0 is indepen-

dent of f, approximately given by �e0mec
2 � �empv

2/2, as long
as me/mp < f . It is important to note here that since we have
several examples for which afterglow observations cover both
relativistic and subrelativistic evolution phases (e.g., Frail et al.
2000; Berger et al. 2004), the efficiency f should be similar at
both stages. This independence of f from � is not necessarily
surprising, since f may be, e.g., a function of me /mp alone.
Since the two flows have similar velocity fields, magnetic field

energy distributions, and accelerated electron distributions, the
afterglow radiation emitted by the accelerated electrons is simi-
lar for the two flows. The presence of a non–shock-accelerated
electron population may, however, modify the radiation pattern.
This issue is discussed in x 3.

3. SIGNATURES OF LOW EFFICIENCY

Consider the possible presence of a large number of ‘‘ther-
mal’’ electrons that entered the shock at energy �mec

2 as mea-
sured in the shock frame. Assume that they are heated somewhat
to a typical energy of �mec

2, where �Tmp /me. Here � is a pa-
rameter that expresses our ignorance of the plasma physics that
governs the electron heating beyond the energy �mec

2, which
the electrons bring into the shock from upstream. The pres-
ence of a large population of these thermal electrons at energy
��mec

2T�mpc2 (or at��mev
2Tmpv

2) may affect the emit-
ted radiation by producing either a new component of emission
or a large synchrotron self-absorption optical depth, thus sup-
pressing the emission from accelerated electrons. Since the en-
ergy distribution of the non-shock-accelerated electrons does not
extend (by definition) to energies3��mec

2 (or3�mev
2), they

may affect the emitted radiation at frequencies � P �̃m, where
�̃m is the characteristic synchrotron emission frequency of elec-
trons of energy ��mec

2 (or �mev
2). This frequency is lower by

a factor (�me /mp)2 than the characteristic synchrotron emission
frequency �m of accelerated electrons at energy �mpc

2 (ormpv
2).

Since the time dependence of the characteristic synchrotron
emission frequency of accelerated electrons typically behaves as
�m � 1018(t/100 s)�3=2, i.e., peaks at X-rays on minute time-
scale and drops below the optical on a timescale of 10 hr, the char-
acteristic synchrotron frequency of the non–shock-accelerated
electrons drops from �300�2 GHz on minute timescale to
�0.3�2 GHz on 3 hr timescale,

�̃m � 1� 2 t

1 hr

� ��3=2

GHz: ð2Þ

This implies that the existence of a large population of non–
shock-accelerated electrons can be constrained only through early
radio observations, atP�4/3 hr delay. Assuming a spread of sev-
eral times the thermal energy, so that �k 3, the emission and/or
absorption of the thermal electrons could be caught with radio
follow-up observations within several hours of the GRB. With
sufficient preparation, radio follow-up observations may be car-
ried out on minute timescale (D. Frail & G. Taylor 2004, private
communication).
The specific emissivity j̃m of the non–shock-accelerated elec-

trons at �̃m is larger than that of the accelerated electrons at �m
by a factor 1/f (since their number is larger by this factor). Thus,
if the optical depth at �̃m is small, the radio intensity produced
by the non–shock-accelerated electrons would be larger by a fac-
tor 1/f 31 than the �1 mJy peak intensity characteristic of the
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accelerated electrons for cosmological GRBs. The synchrotron
self-absorption optical depth at the peak frequency can be esti-
mated using Kirchoff ’s law, �̃m / j̃m / �̃

2
m T̃ , where the effective

temperature is T̃ ¼ ��mec
2. From this relation, we find that the

ratio of �̃m to the optical depth �m at �m is (for small f ) �̃m /�m �
(mp /�me)5f

�1. For the population of accelerated electrons, �m¼
(�a /�m)5/3, where the self-absorption frequency �a � 1 GHz and
independent of time for expansion into uniform medium (e.g.,
Waxman 1997b). Combining these relations we have, for ex-
pansion into uniform medium and small f ,

�̃m � mp

me

� �5=3

��5f �1n0
t

1 hr

� �5=2

: ð3Þ

We have here kept the dependence on the ambient medium
number density, n ¼ 100n0 cm

�3, mainly in order to allow a sim-
ple generalization to the case of expansion into a nonuniform me-
dium. For expansion into a wind, n / t�1, and for typical wind
parameters n0 � 1(t/1 day)�1 (Livio & Waxman 2000). All the
results given here can thus be applied to the wind case by using
n0 ¼ 1(t/1 day)�1 (note that eq. [2] is valid for any density, i.e.,
has no dependence on n).

The optical depth at �̃m is larger than unity for t > ta, where

ta � 10�2n
�2=5
0 �2f 2=5 hr: ð4Þ

At t < ta, the self-absorption frequency �̃a, where the optical
depth due to the thermal electrons is unity [�̃m(�̃m/�̃a)

5/3 ¼ 1],
is

�̃a �
mp

me

n
3=5
0 ��1f �3=5 GHz: ð5Þ

Finally, the specific intensity at �̃m is given by

f̃m � f �1 fm min 1; 1=�̃mð Þ

¼ f �1 n
1=2
0 fm

1 mJy
min 1; (t=ta)

�5=2
h i

mJy: ð6Þ

Here, fm � 1 mJy is the peak intensity characteristic of the
accelerated electrons for cosmological GRBs.

The presence of a significant number of non–shock-accelerated
electrons ( fT1) is therefore expected to lead to a large self-
absorption optical depth at frequencies � � �̃m, strongly suppress-
ing the radio flux at these frequencies at early time. A sharp rise in
the flux at frequency � is expected at t � �4/3(�/1 GHz)�2/3 hr,
as �̃m drops below �. The ratio of fluxes obtained in the presence
and in the absence of a nonaccelerated electron population, f̃�/f� ,
is given for frequencies lower than the self-absorption frequency
of the non–shock-accelerated electrons, � � min (�̃m; �̃a), by the
following argument. At frequencies where the optical depth is
large, the intensity is proportional to � 2T, where T is the effec-
tive electron temperature. For the nonaccelerated electrons, T̃ ¼
��mec

2, and in the absence of electron cooling, T ¼ �e0mec
2, so

that T̃ /T � �me/mp. At early times, the cooling time of accel-
erated electrons is short compared to the dynamical (expansion)
time, and these electrons lose energy and accumulate at lower
Lorentz factor, �c , where the cooling time is comparable to the
dynamical time. At this energy these electrons radiate synchro-

tron photons at frequency �c ¼ (�c /�e0)
2�m , and for typicalmodel

parameters

�m
�c

� 10n0
t

1 hr

� ��1

: ð7Þ

Thus, for � � min (�̃m; �̃a) the flux suppression factor is given
by

f̃�

f�
¼ �me

mp

max 1;
�m
�c

� �1=2
" #

max 1;
�

�a

� �5=3
" #

: ð8Þ

The last term on the right-hand side accounts for the fact that
f� / �1/ 3 (rather than f� / � 2) for � > �a . Cooling of electrons
increases �a by a factor �e0 /�c ¼ (�m /�c)1/2 compared to the case
in which cooling is unimportant, which implies

�a � n
3=5
0 max 1; 3n

1=2
0

t

1 hr

� ��1=2
" #

GHz: ð9Þ

The presence of a large number of non–shock-accelerated
electrons can be detected through their radio emission only if
this emission takes place in an optically thin regime, i.e., at
frequencies �̃a < � < �̃m for �̃a < �̃m. Examining equations (2)
and (5), we find that �̃a < �̃m is possible only for �31 and
moderate f �1. For � ¼ 10 and f ¼ 10�1, for example, the flux
at �̃m � 400(� /10)2(t/0:4 hr)�3/2 GHz is�10(10f )�1 mJy up to
t � 0:4(� /10)2(10f )2/5 hr. For �̃a < � < �̃m and � > �a we have

f̃�

f�
¼ �me

mp

� ��2=3

f �1 min 1;
�m
�c

� ��1=3
" #

: ð10Þ

Finally, it is useful to give an estimate of the amplitude of the
radio flux typically expected on the relevant timescale. For � >
�a, the flux expected (in the absence of non–shock-accelerated
electrons) is

f� � max 1;
�m
�c

� ��1=3
" #

�

�c

� �1=3

fm

� 30n
5=6
0

fm

1 mJy

�

10 GHz

� �1=3
t

1 hr

� �1=6

�Jy

; max 1;
�m
�c

� ��1=3
" #

: ð11Þ

4. DISCUSSION

We have shown that current afterglow observations do not
allow one to determine the efficiency of electron acceleration in
GRB shocks, i.e., to determine the fraction f of electrons that are
‘‘injected’’ to participate in the process of shock acceleration.
While afterglow observations imply that some fraction f of the
electron population is accelerated to a characteristic energy "e0
comparable to the postshock proton temperature, "e0 � �mpc

2

for relativistic shocks of Lorentz factor � or "e0 � mpv 2/2 for
nonrelativistic shocks of velocity v, a large fraction, 1� f �1,
of the electron population may be ‘‘left behind’’ at low energy
comparable to the kinetic energy of the electrons propagating
to the shock, �mec

2 for relativistic shocks or mev 2/2 for non-
relativistic shocks. The resulting electron energy distribution is
qualitatively described in Figure 1. Currently testable afterglow
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predictions of a model with parameter choice {E 0 ¼ E/f ; n00 ¼
n0 /f ; �0B ¼ f �B; �0e ¼ f �e; f <1} are similar to those obtained
for the parameter choice {E, n0, �B, �e} and f ¼ 1, for any f in
the range me /mp � f �1. This implies an uncertainty of factor
me /mp in the determination of model parameters. Afterglow
observations do not constrain, for example, the values of E and
�e, but rather the values of f E and �e /f . Note that the value of "e0
is independent of f (and ��mpc

2 or �mpv
2/2).

The existence of non–shock-accelerated electrons will strongly
affect the predicted radio emission on short, P1�4/3 hr, timescale.
Here, ��mec

2 (or �mev
2/2) is the characteristic energy of non–

shock-accelerated electrons (�Tmp /me). For fT1, a large self-
absorption optical depth at �̃m � 1� 2(t /1 hr)�3/2 GHz (eq. [3])
would lead to strong suppression of the radio flux at lower fre-
quencies (eq. [8]). As �̃m drops below an observed frequency �, at
t � �4/3(�/1 GHz)�2/3 hr, the optical depth at this frequency drops
below unity, and a sharp brightening is expected. For �31 and
moderate f �1, the existence of a large population of non–shock-
accelerated electrons may be identified through their radio emis-
sion (see eq. [10] and the discussion preceding it). For �31, the
modification of radio emission due to the presence of non–shock-
accelerated electrons will persist over timescales significantly
larger than 1 hr. The radio signature of these thermal electrons
could test for their presence at levels that are energetically insig-
nificant by a large margin (even f �1P 1) and therefore otherwise
inconspicuous.

It should be pointed out that afterglow observations already
provide interesting constraints on the efficiency of electron ac-
celeration. First, they require similar efficiency f for both rela-
tivistic and subrelativistic shocks, since several examples exist
of afterglow observations covering both relativistic and sub-
relativistic evolution phases (e.g., Frail et al. 2000; Berger et al.
2004). This independence of f from � is not necessarily surpris-
ing, since f may be, e.g., a function of me /mp alone. Second,
afterglow observations imply that the energy of accelerated elec-
trons is increased to a characteristic energy similar to the proton
postshock temperature (with power-law extension to high ener-
gies). Finally, the value of f is limited to f > me /mp. Early,P1 hr,
radio observations will provide more stringent constraints on the
efficiency f (and will hence remove the degeneracy in determin-
ing GRB model parameters). As mentioned in x 2, radio spectra
can also be used to constrain the energy distribution of acceler-
ated electrons at energies below the characteristic acceleration
energy, �mpc

2 (Waxman 1997b), providing further constraints on
the acceleration process.

The total, beaming-corrected, energy released in cosmolog-
ical long-duration GRB explosions, assuming f ¼ 1, is typi-
cally inferred to be ET � 1051:5 ergs (Frail et al. 2000, 2001;
Freedman & Waxman 2001; Berger et al. 2003, 2004), with a
spread in estimated values of roughly 1 order of magnitude.
Since afterglow observations do not constrain ET but rather
f ET , the true explosion energies are ET � f �11051:5 ergs. For
fT1, explosion energies 31051.5 ergs would naively be in-
ferred for many GRBs. The association of (at least some) GRBs
with supernovae (Galama et al. 1998b; Stanek et al. 2003;
Hjorth et al. 2003; Bloom 2005) suggests that the total energy is
probably not much more than 1051.5 ergs, ruling out values of
fT1. Using this argument to infer a conservative lower limit
on f, the uncertainties in determining f ET from afterglow ob-
servations should be considered. Uncertainties in determining
E may arise from uncertainties in the determination of the ob-
servables {�m, Fm, �cool, �sa}. The main uncertainty here is due
to uncertainty in the determination of the self-absorption fre-
quency, which is not known in many cases and determined in

the best cases to within a factor of �2, leading to uncertainty
in E of a similar magnitude (since E / ��5/6

sa ; e.g., Wijers &
Galama 1999; note that the uncertainty in n / � 25/6

sa and
�B / ��5/2

sa
is much larger). Moreover, it should be realized that

afterglow models are highly idealized (e.g., assuming simple
geometry), and various effects that are not taken into account
(e.g., acceleration of preshocked plasma by a cosmic-ray pre-
cursor) may lead to systematic errors in estimates of model
parameters. Thus, estimates of the energy should be considered
as order of magnitude estimates. Finally, the energy provided
by the supernova to the GRB jet could be higher than that pro-
vided to the supernovae ejecta, whose energy is limited by neu-
trino cooling. Altogether, although f � 1 is suggested by the
energy derived from afterglow observations, f � 1/30 should be
considered a plausible conservative lower limit.
Is there an a priori reason to suspect that f should be small?

In the case of plerionic nebulae, such as the Crab, typical shock-
accelerated spectra ( p � 2:2) occur above Lorentz factors of
order �0 � 104, and below that the spectra are much flatter,
1:3 � p � 1:1 (Weiler & Panagia 1978). Curiously, the low-
energy end of these spectra goes well below �mec

2 (where the
bulk Lorentz factor of the preshock wind can be estimated if the
total number of electrons and the total energy that have been
deposited into the nebulae by the wind are known). These low-
energy electrons do not increase the total energy requirements
but clearly comprise most of the electrons by number. This
raises the question of how most of the electrons in the nebula
can have less energy than they had flowing into the shock, and
strongly suggests some sort of shock mediation mechanism that
redistributes their energy in the form of a hard power law.
Suppose the same sort of low-energy spectra were obtained

below �mpc
2 in GRB blast waves. We can express these low-

energy electron populations as f �1(�) ’ (�me /mp)
�pþ1. Basi-

cally, f �1(�) is the number of low-energy electrons at energy
�me relative to those at mp. If plerion-like low-energy spec-
tra were obtained in GRB post–afterglow-shock plasmas, they
would give values of f of more than 1/30 at � � 1 but would
violate the constraint d ln n/d ln " � 0 that seems to exist at least
for some GRB afterglows. These current limits extend from
1/30 � �me/mp � 1. Exploring the region �me/mp � 1/30 at
1�GHz GHz will, by equation (2), require radio follow-up ob-
servations within (103:5/�GHz)2/3 hr. The signature of a thermal
population of electrons would be (1) a radio ‘‘blackout’’ due to
the low brightness temperature of the thermal electrons, fol-
lowed by (2) a prebrightening, as the emitting area increases,
followed by (3) a steep decline, as the emitting frequency of the
thermal electrons passes below the observed frequency. All these
stages precede the expected rise associated with the eventual pas-
sage of �m through the observing frequency.
In summary, early observations of emission and self-absorption

in GRB afterglows can provide a diagnostic of the low-energy
electron spectra inGRBafterglow shocks. Thismight either change
our understanding of them or, at least, close some important
loopholes in afterglow theory.
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